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Polar strain (radial and circumferential) estimations can suﬀer from artifacts because the center of a nonsymmetrical carotid atherosclerotic artery, deﬁning the coordinate system in cross-sectional view, can be misregistered. Principal strains are able to remove coordinate dependency to visualize vascular strain components
(i.e., axial and lateral strains and shears). This paper presents two aﬃne model-based estimators, the aﬃne
phase-based estimator (APBE) developed in the framework of transverse oscillation (TO) beamforming, and the
Lagrangian speckle model estimator (LSME). These estimators solve simultaneously the translation (axial and
lateral displacements) and deformation (axial and lateral strains and shears) components that were then used to
compute principal strains. To improve performance, the implemented APBE was also tested by introducing a
time-ensemble estimation approach. Both APBE and LSME were tested with and without the plane strain incompressibility assumption. These algorithms were evaluated on coherent plane wave compounded (CPWC)
images considering TO. LSME without TO but implemented with the time-ensemble and incompressibility
constraint (Porée et al., 2015) served as benchmark comparisons. The APBE provided better principal strain
estimations with the time-ensemble and incompressibility constraint, for both simulations and in vitro experiments. With a few exceptions, TO did not improve principal strain estimates for the LSME. With simulations, the
smallest errors compared with ground true measures were obtained with the LSME considering time-ensemble
and the incompressibility constraint. This latter estimator also provided the highest elastogram signal-to-noise
ratios (SNRs) for in vitro experiments on a homogeneous vascular phantom without any inclusion, for applied
strains varying from 0.07% to 4.5%. It also allowed the highest contrast-to-noise ratios (CNRs) for a heterogeneous vascular phantom with a soft inclusion, at applied strains from 0.07% to 3.6%. In summary, the LSME
outperformed the implemented APBE, and the incompressibility constraint improved performances of both estimators.

1. Introduction
In recent years, noninvasive vascular elastography (NIVE) has
gained increasing attention for evaluating the functionality of superﬁcial arteries. Principal strains are able to remove coordinate dependency to visualize vascular strain components [1]. Currently, most
two-dimensional (2-D) elastography algorithms are based on the crosscorrelation, either in the space domain [2–10] or frequency domain
[11–13], or based on registration methods [14,15]. With known axial
(along the ultrasound beam) and lateral (perpendicular to it)

displacements between pre- and post-motion image blocks, axial and
lateral strains and shears were computed from estimated displacement
derivatives in respective directions [5,7,11,12]. Since associated high
frequency displacement noise enhances the variance of such strain estimators, the least squares strain estimator (LSQSE) was proposed to
increase the signal-to-noise ratio (SNR) by a piecewise linear ﬁt
[2,4,8,10]. However, tissue motion in the imaging plane may be complex and does not necessarily only undergo rigid transformations
(translations and rotations), but also compression and expansion [16].
The signal distortion caused by such complex deformations induces
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be insuﬃcient for the clinical use of NIVE [38]. Hansen et al. reported
that elastograms obtained with plane-wave angular compounding were
comparable to standard focusing angular compounding [39]. Plane
wave images are known, however, to exhibit low contrast and low resolution due to the lack of transmit focusing [40].
Alternatively, coherent plane wave compounding (CPWC) beamforming was proposed to solve these issues [41]. Under the framework
of CPWC imaging, superior lateral strains and shears were obtained,
compared with conventional OF-based LSME using standard focusing,
by considering the incompressibility constraint and a time-ensemble
approach [27]. Transverse oscillation (TO) beamforming [42,43] was
also proposed to improve lateral estimations for vector velocity [44],
cardiac motion [26] and longitudinal vascular wall motion [45] assessments. In [46], TO was adapted to plane wave imaging using a
Fourier domain beamforming. In the context of cross-sectional NIVE,
however, the OF-based LSME and APBE using the combined CPWC and
TO imaging beamforming (CPWC&TO) have not yet been studied.
In this manuscript, we provide a performance evaluation of diﬀerent
elastography estimators and image beamforming schemes for crosssectional carotid artery scanning. Validations were performed with simulations and in vitro phantom experiments. Overall, three contributions were made in this paper. One contribution is on the performance
evaluation of two aﬃne model-based estimators in the same framework
of high-frame-rate imaging. Those estimators are determining simultaneously, using a minimization process, the translation (axial and
lateral displacements) and deformation (axial and lateral strains and
shears) components that were then used to compute principal strains.
The second contribution is on the development of the aﬃne-based
APBE, and the introduction of a time-ensemble approach and an incompressibility constraint, as proposed in [27] for the OF-based LSME.
Those improvements provided better principal strain estimations than
previous APBE. The third contribution is the introduction of transverse
oscillations (TO) into the LSME and the veriﬁcation that TO imaging
may be helpful for principal strain estimations when the tissue structure
is complex and heterogeneous. In this study, the OF-based LSME of [27]
is used as a benchmark comparison method. A list of abbreviations used
in this paper is given in Table 1.

decorrelation eﬀects. Signal processing strategies, such as temporal
stretching [17] and iterative coarse-to-ﬁne approaches [4,18,19], have
been used to reduce decorrelation noise. Other estimators were also
proposed to reduce decorrelation noise by considering axial strain or
axial shear [14,20,21].
In addition to abovementioned rigid model-based estimators, an
alternative strategy is the aﬃne model-based estimation methodology,
which considers all non-rigid deformations of the tissue. Space-domain
and phase-domain aﬃne model-based methods have been investigated
for cross-sectional imaging of arteries [22–25] and cardiac structures
[26]. One of them is a registration-based algorithm [23]. It minimized a
cost function using a numerical optimization method and improvements in SNR and contrast-to-noise ratio (CNR) were reported on axial
strain estimations compared to the 2-D cross-correlation, but at a higher
computational time cost.
Two other space-domain methods based on optical ﬂow (OF) were
proposed. In [25], a two-step OF strategy was reported to improve the
performance of the axial strain estimation. More speciﬁcally, the OF
estimation was performed sequentially two times and the two axial
strain estimates were recombined. However, shear components were
unable to be recombined and the lateral strain was also not considered.
Furthermore, this latter approach [25] requires extra computational
load due to an additional OF estimation. The other aﬃne method is the
OF-based Lagrangian speckle model estimator (LSME). In [24], Mercure
et al. concluded that this approach performed better than an optimization-based LSME due to its reliability and computational eﬃciency.
In [27], an OF-based LSME involving a constrained motion model was
developed to provide robust 2-D principal strain estimations. Another
method with an aﬃne model is the aﬃne phase-based estimator (APBE)
[26], inspired by the phase-based estimator (PBE) [28–30]. This algorithm demonstrated a more accurate lateral estimation for cardiac
motions than the standard block matching algorithm.
To perform cross-sectional scans in the context of NIVE, lateral estimations are particularly challenging due to the lower lateral than
axial resolution of conventional focusing imaging, and the lack of phase
information in the lateral direction. To overcome this limitation, several methods have been introduced. One assumes tissue incompressibility to improve the quality of lateral displacements [31],
and SNR and CNR of elastograms [11,27]. Konofagou and Ophir used
the lateral weighted interpolation of radiofrequency (RF) data to improve lateral displacement estimations [32]. However, the lateral interpolation and iterative scheme increase computational complexity
[33].
Angular compounding schemes were also proposed to obtain lateral
strain with more accurate axial estimations at multiple beam steering
angles, using conventional focusing imaging [8,34–36]. Another way is
to use advanced beamforming methods to enable more accurate lateral
estimations. Korukonda and Doyley [5,37] demonstrated that synthetic
aperture imaging could improve lateral NIVE estimates because of the
high lateral sampling frequency and narrow lateral beamwidth. However, due to the single element emission, the low transmit power might

2. Theory
2.1. Image formation
2.1.1. Coherent plane wave compounding beamforming
Ultrafast plane wave imaging only needs a simultaneous single pulse
emission on all selected transducer elements to produce a plane wave
illumination unlike the conventional line-by-line scanning mode. The
image generated by this scheme, however, has low image resolution
and contrast due to the lack of transmit focusing [40]. Montaldo et al.
[41] proposed a coherent plane wave compounding beamforming to
enhance the image quality without sacriﬁcing signiﬁcantly the high
frame rate capability. Each point of an image formed by one single

Table 1
List of abbreviations.
CPWC
TO
CPWC&TO
APBE
LSME
CPWC&TO + APBE
CPWC&TO* + APBE
CPWC&TO + APBET
CPWC&TO + APBET&I
CPWC&TO + LSMET
CPWC&TO + LSMET&I
CPWC + LSMET&I

Coherent Plane Wave Compounding beamforming
Transverse Oscillation beamforming
Coherent Plane Wave Compounding with Transverse Oscillation beamforming
Aﬃne Phase-Based Estimator
Lagrangian Speckle Model Estimator
APBE tested on CPWC&TO data
APBE tested on CPWC&TO data with heterodyne demodulation
APBE with the time-ensemble approach tested on CPWC&TO data
APBE with the time-ensemble approach and the incompressibility constraint tested on CPWC&TO data
LSME with the time-ensemble approach tested on CPWC&TO data
LSME with the time-ensemble approach and the incompressibility constraint tested on CPWC&TO data
LSME with the time-ensemble approach and the incompressibility constraint tested on CPWC data (benchmark reference of [27])
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ﬂow equation for an arbitrary point:

plane wave is obtained by summing RF signals along transducer elements using certain delays, as given by [41]:

s (x , z ) =

∫ RF (xi , τTX + τRX ) dxi ,

Ix Ux + Iz Uz + It = 0,

(1)

where the coordinate x, z corresponds to the image plane, x i is the
position
of
the
receiving
transducer
element,
τTX = (z cosθ + x sinθ)/ c, τRX = z 2 + (x −x i )2 / c , where τTX and τRX are
the emission and receive delays, respectively, θ is the angle of the
emission pulse, and c is the speed of sound. Once the image for one
single plane wave is beamformed, the compounded image is obtained
by summing coherently all beamformed images with several plane
waves at diﬀerent angles. Twenty-one emissions between −10° and 10°
with a 1° increment provided the best image quality for vascular strain
imaging using the ultrasound probe of the current study [27]. Therefore, we kept this conﬁguration for simulations and in vitro experiments.

(2)

where x i is the position of the transducer element, x 0 = λ z z / λ x ,
σ0 = 2 λ z z / σx , λ z is the transmitted pulse wavelength, z is the depth of
interest, λ x is the expected lateral oscillation wavelength, and σx is the
full width at half maximum (FWHM) of the Gaussian envelope. It can be
noticed in (2) that the apodization function must be changed dynamically as a function of depth z to keep a constant lateral oscillation
wavelength during image beamforming. In addition, to implement
diﬀerent TO parameters (i.e., λ x and σx ) one needs to beamform the raw
data again.
To overcome these limitations and allow determining proper parameters, a ﬁltering (or convolution) method was used to generate TO
images [45]. In theory, TO ﬁltering is able to generate oscillations with
any lateral wavelengths. One advantage of the TO ﬁltering method is
that it is easy to control and obtain optimal TO parameters. Such postprocessing approach only needs to ﬁlter beamformed data using different TO parameters and does not require access to pre-beamformed
data using diﬀerent apodization functions. The ﬁltering or convolution
is only performed along the lateral direction if RF images are used,
while both lateral and axial directions should be ﬁltered when B-mode
images are considered. In this paper, we choose to ﬁlter each line of a
RF CPWC image by multiplying it with two modulated Gaussian functions in the Fourier domain, as given by (3). The ﬁltered frequency
pattern of a RF image was made of four spots with an expected lateral
oscillation frequency. This ﬁlter Ω is available in the public domain
[48] as a Matlab graphical user interface. It is given by:
2

−2⎛πσx ⎛xf − 1 ⎞⎞
λx ⎠⎠
⎝
⎝
⎜

Ω=e

−2⎛πσx ⎛xf + 1 ⎞⎞
λx ⎠⎠
⎝
⎝
⎜

+e

⎟

,

Uz (x , z ) = Uz (x 0 , z 0) + (x −x 0 ) szx + (z−z 0 ) szz ,

(6)

s
⎡ xx ⎤
sxz
Iz1 x1
Iz1 z1
Iz1 ⎤ ⎢ ⎥
⎢ Ux ⎥
⋮
⋮
⋮ ⎥⎢ ⎥
szx
Izp × q x p × q Izp × q z p × q Izp × q ⎥ ⎢ s ⎥
⎦ ⎢ zz ⎥
⎢ Uz ⎥
⎣ ⎦

⎡ It1 ⎤
= −⎢ ⋮ ⎥.
⎢ It ⎥
⎣ p×q ⎦

(7)

Then, solving this equation system using a robust weighted least
square method, as described by (4) of [27], the aﬃne motion vector
→ = (s , s , U , s , s , U )T is obtained. Note that derivatives of dism
xx xz
x zx zz
z
placement are not used to compute strain components.
2.2.2. Aﬃne phase based estimator
Once there are periodic oscillations in axial and lateral directions
for a RF image, such as TO images, 2-D motions between consecutive
images can be estimated using the APBE method. This estimator is
brieﬂy described here; more details are given in [26]. The pre-motion
and post-motion images i1 and i2 with lateral modulations at consecutive times t1 and t2 can be assumed using a 2-D signal model
modulated by spatial frequencies fx and fz , respectively [29]:

i1 (x , z , t1) = w1 (x , z , t1)cos(2πfx x )cos(2πfz z ),

(8)

i2 (x , z , t2) = w2 (x , z , t2)cos(2πfx (x + Ux ))cos(2πfz (z + Uz )),

(9)

where w1 and w2 are two 2-D windows deﬁned arbitrarily, fx = 1/ λ x
and fz = 1/ λ z , with λ x and λ z deﬁned in (2), and Ux and Uz being lateral
and axial components of the displacement, respectively. Note that
phases in (8) and (9) do not change when the displacement is equal to
one wavelength, thus the largest unbiased estimated displacement is
limited to half a wavelength (λ x /2 in the lateral direction and λ z /2 in
the axial direction).
Given the Fourier spectrum of i1 or i2, four single-quadrant analytic
signals can be obtained by keeping only one quadrant and canceling
other three quadrants. Since the 2-D Fourier transform of real images is
symmetric, only two analytic signals were considered. According to
[29], the upper left and right quadrants of each spectrum were used.
Two-dimensional displacements between consecutive images are associated with phases of analytic signals, as described here:

2

⎟

(5)

Ix1 z1
Ix1
⎡ Ix1 x1
⎢
⋮
⋮
⋮
⎢I
xp × q x p × q I xp × q z p × q I xp × q
⎣

2

x +x
1 ⎛ −π ( xiσ− x 0 )2
−π i 0
0
+ e ( σ0 ) ⎟⎞,
⎜e
2⎝
⎠

Ux (x , z ) = Ux (x 0 , z 0) + (x −x 0 ) sxx + (z−z 0 ) sxz ,

where x 0 , z 0 are coordinates of the center of the MW, sxx , sxz , szx , szz are
the lateral strain, lateral shear, axial shear, and axial strain, respectively, and sij = ∂Ui/ ∂j .
Since there are two unknown variables in (4), to solve the 2-D optical ﬂow, we assume that the motion ﬁeld of each pixel within a MW
with p × q pixels is the same and that the coordinates of the center of
the MW, x 0 , z 0 , are zero. Then, we can rewrite (4) by considering (5)
and (6) for each pixel to obtain an over-determined linear equation
system for all pixels in a MW,

2.1.2. Filtering-based TO beamforming using CPWC images
Transverse oscillation beamforming allows producing lateral phase
information in ultrasound images. Classical TO imaging requires a
speciﬁc apodization function in reception, made of two Gaussian peaks,
to modulate the frequency spectrum of the beamformed TO image into
four identiﬁed spots [45,47]. The following equation describes this
apodization function wi:

wi =

(4)

where Ix, Iz are the spatial gradient of the image intensity, Ux , Uz represent the lateral and axial displacements, and It denotes the temporal
gradient of the image intensity.
In a MW, taking a 1st order Taylor expansion of displacements Ux , Uz
of an arbitrary point, the aﬃne description of the displacement ﬁeld is
given by

(3)

where σx and λ x are deﬁned in (2), and xf is the lateral coordinate in the
frequency domain of the RF image.
2.2. Elastography estimator description
2.2.1. Optical ﬂow based Lagrangian speckle model estimator
The OF-based LSME accounts for rigid and non-rigid tissue motions
using an aﬃne transformation model, and estimates the displacement
and strain in a small region of interest (ROI), also called measurement
window (MW). Assuming that the image intensity between two consecutive RF images is not modiﬁed in a MW, we can deduce the optical

Ux =
79

Φ1−Φ2
,
4πfx

(10)
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Uz =

Φ1 + Φ2
,
4πfz

(PVA-C) following the manufacturing description of [58]. The Poisson’s
ratio of this material was estimated at 0.499 ± 0.001, which corresponds to an incompressibility condition [58].
The deformation of an incompressible tissue produces no volume
change, which is formulated with the divergence of the displacement
ﬁeld U as ∇ ·U = 0 . Under the condition of 2D plane strain, the out of
plane strain component is negligible and the divergence of U can be
∂U
∂U
rewritten as ∇ ·U = ∂x + ∂z = sxx + szz = 0 . Consequently, under these
assumptions:

(11)

with

Φ1 (x , z) = ∅s11 (x , z, t1)−∅s21 (x, z, t2),

(12)

Φ2 (x , z) = ∅s12 (x, z, t1)−∅s22 (x, z, t2),

(13)

where ∅s11, ∅s12 are extracted phases of abovementioned analytical
images for the image i1, and ∅s21, ∅s22 are phases of analytical images for
the image i2 .
We can do the same process for (10) and (11) as we did for the LSME
by introducing an aﬃne model, and then rewriting these two equations
for each pixel in a MW with p × q pixels. The aﬃne APBE model is
obtained by combining all equations into a matrix format, as described
→ was obbelow in (14) and (15). The similar aﬃne motion vector m
tained by solving this over-determined equation system using the same
robust weighted least square method, as we did for the LSME, unlike the
classical least square ﬁtting in [26], to provide a common framework of
comparison. This constitutes a new contribution to the APBE (new
implementation).

z1 1⎤ sxx
⎡ x1
⎡ ⎤
1
⋮ ⋮⎥ ⎢ sxz ⎥ =
⎢ ⋮
4πfx
⎢ x p × q z p × q 1⎥ ⎢
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⎥
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⎡
⎤
⋮
⎢
⎥,
⎢ Φ (x , z )−Φ (x , z ) ⎥
1
p
q
p
q
2
p
q
p
q
×
×
×
×
⎣
⎦

z1 1⎤ szx
⎡ x1
⎡ ⎤
1
⋮ ⋮⎥ ⎢ szz ⎥ =
⎢ ⋮
4
πf
⎢ x p × q z p × q 1⎥ ⎢ Uz ⎥
z
⎦⎣ ⎦
⎣

Φ1 (x1, z1) + Φ2 (x1, z1)
⎡
⎤
⋮
⎢
⎥.
⎢ Φ (x , z ) + Φ (x , z ) ⎥
p×q ⎦
2 p×q
⎣ 1 p×q p×q

sxx = −szz ,

(16)

→ is
By introducing (16) into (7) for the LSME, the motion vector m
reduced from six to ﬁve unknowns, and consequently the minimization
process considered the following equation:

Ix1
⎡ Ix1 z1
⎢
⋮
⋮
⎢I
xp × q z p × q I xp × q
⎣
⎡ It1 ⎤
= −⎢ ⋮ ⎥.
⎢ It ⎥
⎣ p×q ⎦

(14)

s
⎡ xz ⎤
Iz1 x1
Iz1 z1−Ix1 x1
Iz1 ⎤ ⎢ Ux ⎥
⋮
⋮
⋮ ⎥·⎢ szx ⎥
⎢ ⎥
Izp × q x p × q Izp × q z p × q−Ixp × q x p × q Izp × q ⎥ ⎢ szz ⎥
⎦
⎢ Uz ⎦
⎥
⎣

(17)

For the APBE, axial and lateral motion components were computed
using (14) and (15), respectively, and then the lateral strain sxx was
replaced by the axial strain −szz when considering this assumption.
Other displacement and strain components were assessed during the
minimization process and used in these equations. In [27], it was shown
that this incompressibility constraint in the LSME reduced the variability of principal strain estimations. In the current study, we aimed
improving the quality of principal strain elastograms by also incorporating this constraint into the APBE. Reported results considered
APBE and LSME implementations with and without the incompressibility constraint.

(15)

2.2.3. Time-ensemble approach
Because of the ultrafast CPWC imaging mode considered in this
study, we could implement a time-ensemble approach into the APBE, as
done for the LSME in [27]. Speciﬁcally, we assumed a constant motion
over a given period of time T = nt ·Δt , where nt is the number of successive frame pairs, and Δt is the time step between two consecutive
frames. By combining these frames, the number of linear equations in
the least square estimation is increased to nt × n , where n is the number
of pixels in the MW of the estimator. In theory, the more time ensemble
is used, better is the robustness of the least square estimation. However,
the improvement in strain estimation is at the expense of computational
time. For the LSME, we chose a time ensemble number of 8, as it provided the best compromise between accuracy and computational time
[27]. For the developed APBE, we assessed estimation errors for different time ensembles (results not shown). We found exponentially
decreasing strain estimation errors as a function of the time ensemble
numbers. For example, an ensemble number of 12 provided 5% less
estimation errors than nt = 8 while increasing by 50% the computation
time. Thus, to provide comparable results between APBE and LSME, we
used nt = 8 for both strain estimation methods.

2.3. Implementation of elastography estimators and evaluation scheme
We adopted the implementation scheme of [27], which includes 7
steps. Brieﬂy, a rigid registration using 2-D Fourier-based ensemblecorrelations [59] was ﬁrst performed for each small MW between preand post-deformed RF images to account for large displacements. Then,
→ was computed using a weighted leastthe aﬃne motion vector m
squares method [60] from registered pre- and post-deformed MWs. For
the sake of a fair comparison, the same parameters were used for both
estimators (LSME and APBE). Image pixels in a MW were weighted by a
2-D Gaussian function with a FWHM of 1.0 × 1.0 mm. Thus the MV size
was set at 1.3 × 1.3 mm, which corresponds to 68 samples axially by 26
RF lines laterally, with the same 80% overlap in axial and lateral directions. The spatial discretization of elastograms was thus
0.26 × 0.26 mm. A 90% overlap in time was chosen for the time-ensemble approach.
We ﬁltered CPWC images to obtain TO images (labeled CPWC&TO).
The APBE, the APBE using the time-ensemble approach, and the constrained APBE (i.e., incompressibility constraint) with the time-ensemble approach were tested on CPWC&TO data (we used the following
abbreviations (see also Table 1): CPWC&TO + APBE, CPWC&
TO + APBET and CPWC&TO + APBET&I). In addition, the LSME using
the time-ensemble approach, with or without the incompressibility
constraint, was tested with CPWC&TO and CPWC data (described as:
CPWC&TO + LSMET, CPWC&TO + LSMET&I, and CPWC + LSMET&I).
The performance of six strategies (image beamforming schemes + estimators) was evaluated with simulations and in vitro phantom experiments.

2.2.4. Incompressibility constraint for the aﬃne models
Arterial tissue incompressibility is a common assumption used in
computational models of arteries [49,50], motion compensation for
strain imaging [51], ultrasound speckle tracking [52], angular strain
compounding [35,53], and ultrasound modulography [54]. Ex vivo
analyses have conﬁrmed that arteries may be considered incompressible under physiological conditions [55,56]. Karimi et al. [57]
recently showed that both excised healthy and atherosclerotic human
coronary arteries are incompressible. The artery tissue is in fact slightly
compressible but may be regarded as incompressible at small strains
[55], which is attainable by the high frame rate plane wave imaging
method used in this study. In addition, as described in Sections 3.1.1
and 3.2.1, we modeled the tissue as isotropic and quasi-incompressible
(Poisson’s ratio = 0.4995) for vascular simulations. For in vitro experiments, two phantoms were built with polyvinyl alcohol cryogel
80
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3. Materials and methods

3.2. In vitro experiment description

We simulated a heterogeneous vascular model with a mimicking
atherosclerotic plaque and fabricated homogeneous vessel wall and
heterogeneous phantoms for evaluation. Plane wave data were collected and beamformed using CPWC imaging at 21 angles, which allowed a frame rate of 500 s−1. We used the full aperture to transmit and
receive plane waves. Also, a rectangular window apodization function
was used for beamforming. The RF images were reconstructed on a
regular Cartesian grid (with 50 × 20 μm resolution). CPWC images
were then ﬁltered to obtain CPWC&TO images.

3.2.1. Phantom fabrication
Two phantoms were built following the manufacturing description
in [58]. The solution had a concentration of 10% by weight of polyvinyl
alcohol dissolved in pure water and ethanol homopolymer. The weight
percentage of added particles used as acoustic scatterers (Sigmacell
cellulose, type 50, Sigma Chemical, St Louis, MO, USA) was 3%. The
homogeneous phantom consisted in a 6 freeze-thaw cycles polyvinyl
alcohol cryogel (PVA-C) material. The second phantom was constructed
to mimic a heterogeneous vascular wall with a soft inclusion. The outer
PVA-C layer was fabricated with 6 freeze-thaw cycles and the soft inclusion mimicking a lipid pool underwent 1 freeze-thaw cycle. The ﬁrst
homogeneous phantom without any inclusion had a modulus of
182 ± 21 kPa as measured by tensile test [58]. The heterogeneous
phantom with a soft inclusion had a modulus of 25 ± 3 kPa [58], with
the surrounding material at 182 ± 21 kPa.

3.1. Simulation of a heterogeneous image sequence
3.1.1. Finite element model
A model of a carotid artery with soft and hard inclusions in a crosssectional view was created using COMSOL Multiphysics (Structural
Mechanics Module, version 3.5, COMSOL, France). The plaque geometry described in [61] was meshed with approximately 15,000, 6node triangular elements. To avoid translations and rotations of the
rigid body, a soft and compressible (elasticity modulus E = 1 Pa and
Poisson’s ratio γ = 0.001) layer of 1 mm thickness was added on the
outer layer. This artiﬁcial outer contour was anchored and was not
considered in the elastography analysis. As reported, a wide range of
Young’s moduli, varying from 30 kPa to 270 MPa, for ex vivo or in vivo
atherosclerotic tissues has been reported in the literature, depending on
plaque internal structures and measurement methods [62]. In this
study, a large soft necrotic core (E = 10 kPa) was embedded in a
medium mimicking a ﬁbrous plaque (E = 600 kPa). Four calciﬁed inclusions (E = 5000 kPa) were also embedded within the plaque. The
Poisson’s ratio of all plaque components considered isotropic was ﬁxed
at 0.4995 (i.e., incompressible). These mechanical parameters are close
to those used in [63,64]. Recently, similar parameters were also selected for elasticity reconstruction methods [54,65,66]. Displacements
of the vessel wall between two successive image frames were computed
using the ﬁnite element method (FEM). To consider realistic dynamic
conditions, a systemic blood pressure waveform with minima and
maxima at 80 and 120 mmHg (10 and 16 kPa) was applied to the simulated geometry. This waveform was discretized with 500 samples to
simulate an ultrafast non-invasive ultrasound acquisition at a frame rate
of 500 s−1. The strain ﬁeld was derived under plane strain conditions
from computed displacement ﬁelds.

3.2.2. Experimental setup
The experimental setup is analog to that illustrated in Fig. 2 of [27].
The intra-luminal pressure was monitored (Vivitro Labs Inc., Victoria,
BC, Canada) and varied using a pulsatile pump (model 1421, Harvard
Apparatus, Holliston, MA). Peak and minimum pressures were set at
120 and 60 mmHg, respectively, and an image sequence was acquired.
To test the robustness of the diﬀerent elastography estimators to different strains, the image sequence was down sampled using diﬀerent
time steps to produce frame rates from 500 s−1 to 9 s−1.
3.2.3. Ultrasound data acquisition
Cross-sectional RF images were acquired with a Sonix Touch ultrasonic system (Ultrasonix Medical Corp.) equipped with a linear array
probe of 128 elements (L14-5/38). Plane wave ultrafast data at different steering angles were stored on the Sonix DAQ multi-channel
system. A software development kit (TexoSDK, v6.0.1, Ultrasonix
Medical Corp.) was used to generate and record plane wave data.
Beamforming was performed in post-processing.
3.3. The choice of TO ﬁltering parameters
As described in (3), the frequency pattern of the image formed by a
TO ﬁlter is determined by two parameters, the expected lateral oscillation wavelength λ x and the FWHM of the Gaussian envelope σx . Intuitively, smaller are λ x and σx , wider is the spectrum of the ﬁltered
image and higher is the lateral TO frequency. However, too small λ x
and σx will ﬁlter most energy of the image and may induce the ﬁlter to
only keep the noise. As a result, the proper TO ﬁltering parameters λ x
and σx were determined via a simple simulation test. Two successive
frames was selected from the simulated image sequence described in
Section 2.1 with a SNR of 20 dB. Diﬀerent values of λ x and σx were
tested on this image pair 50 times. Parameters providing the least deviation between ground true FEM and computed elastograms were
chosen for TO ﬁltering in the remaining of this study. Considering the
spectrum of compounded images and the window size of estimators, we
set the test range of λ x from 0.4 to 1 mm and that of σx from 0.2 to
1 mm, with increments of 0.1 mm.

3.1.2. Acoustic models
The ultrasound simulation program Field II [67] was used to obtain
RF images coupled with FEM simulated wall motions. The L14-5/38
linear array probe with 128 elements (Ultrasonix Medical Corporation,
Richmond, BC, Canada) was simulated by considering a 7.2 MHz center
frequency, a 70% fractional bandwidth (at −6 dB) and a sampling rate
of 40 MHz. The bandwidth of that probe is between 5 and 14 MHz. The
central frequency of 7.2 MHz allowed good resolution and acceptable
grating lobes when using CPWC imaging [41]. The abovementioned
vascular model included randomly distributed scatterers whose density
was 100 per resolution cell [68] in a cross-sectional view. For CPWC
beamforming, the full aperture was activated in transmission to create
plane waves. The vascular model was static during emission angles
changing from −10° to 10°. The plane wave data with diﬀerent steering
angles were beamformed and compounded to form pre-deformation
images using the delay-and-sum algorithm [41]. To form post-deformation images, the displacement ﬁelds generated by the FEM were
applied on this model and the plane wave data on the deformed model
were beamformed and compounded using the same steering angles. The
CPWC image sequence was ﬁltered to generate CPWC&TO images. All
beamformed images were contaminated with white Gaussian noise at a
SNR of 20 dB.

3.4. Data analysis
3.4.1. Principal strain
The Cartesian strain tensor was transformed into the principal
minor and major strain tensors, εmin, εmax , by using the following expression [69]:

εmin, max =
81

sxx + szz
±
2

⎛
⎝

sxx −szz 2
s + szx 2
⎞ + ⎛ xz
⎞ ,
2 ⎠
2
⎝
⎠

(18)
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4.2. The heterogeneous vessel simulation study

where sxx , szz are lateral and axial strains, and sxz , szx are corresponding
shear components. When we used the incompressibility constraint, the
lateral strain component sxx was replaced by −szz in this equation.
In this study, otherwise speciﬁed, the principal strain map between
consecutive frames was estimated for an image sequence. Then, principal strains were cumulated over the range of pressure considered. The
largest cumulated strain map was chosen as the ﬁnal elastogram.

Fig. 2(a) and (b) shows B-mode images of the heterogeneous artery
simulation considering CPWC and CPWC&TO beamforming. Principal
minor strains obtained with six conﬁgurations (CPWC&TO + APBE,
CPWC&TO + APBET, CPWC&TO + APBET&I, CPWC&TO + LSMET,
CPWC&TO + LSMET&I and CPWC + LSMET&I) are shown in Fig. 2(d)(i), respectively. We chose in Fig. 2(d) the time-ensemble length nt = 1
(i.e., no time-ensemble) for the APBE tested on CPWC&TO data (CPWC
&TO + APBE), whereas nt = 8 for other ﬁve conﬁgurations (as described in Section 2.2.3). Visually, Fig. 2(e) presents less estimation
errors than Fig. 2(d), which suggests that the time-ensemble approach
improved the estimation accuracy of the APBE. Around 12 and 8 o’clock
(outside soft and hard inclusions), the principal minor strain is expected
to decrease with radial distance from the lumen, which is known as the
strain decay phenomenon [70]. The strain decay is diﬃcult to appreciate from Fig. 2(d)–(f). Quantitatively, the APBE with the incompressibility constraint and using the time-ensemble approach tested
on CPWC images with TOs (Fig. 2(f)) provided the smallest estimation
error (NRMSE = 10.6%) when compared with the APBE with the timeensemble approach tested on CPWC images with TOs, CPWC&
TO + APBET (Fig. 2(e), NRMSE = 13.0%) and the APBE tested on
CPWC images with TOs, CPWC&TO + APBE (Fig. 2(d),
NRMSE = 14.2%), which conﬁrms that the combination of the timeensemble approach and incompressibility constraint improved the
performance of the APBE. With the LSME, the principal minor strains in
Fig. 2(g)–(i) provided more homogeneous and clear outlines of the soft
inclusion than APBE elastograms. Moreover, the strain decay at 12 and
8 o’clock is observed. The performance of the LSME, with and without
the incompressibility constraint, tested on CPWC images with and
without TOs (CPWC&TO + LSMET, CPWC&TO + LSMET&I and
CPWC + LSMET&I) is overall comparable, with NRMSE at 9.0%, 8.6%
and 8.4%, respectively.
Regarding the principal major strain, the same conclusions apply.
The APBE with the time-ensemble approach (Fig. 2(l)) showed less
estimation artifacts than APBE without time averaging (Fig. 2(k)).
However, both panels (k) and (l) did not delineate properly the soft
inclusion around 4 to 6 o’clock. With the incompressibility constraint
(panel (m)), the outline of the soft inclusion was better depicted. The
NRMSE conﬁrmed those visual observations; normalized errors were
17.4%, 14.5% and 12.9% for panels (k)–(m), respectively. With the

3.4.2. Elastogram evaluation
To evaluate simulated elastograms, the normalized root-meansquare-error (NRMSE) between FEM and estimated principal strains
was used:
∑iN= 1 (refi − esti)2

NRMSE =

N

refmax −refmin

,

(19)

where N is the number of pixels in an elastogram, ref is the ground truth
principal strain from the ﬁnite element analysis, and est is the estimated
strain from LSME or APBE algorithm.
Since the ground truth strain value is unknown for in vitro experiments, we chose the SNR as the evaluation metric of elastograms for
homogeneous and heterogeneous phantoms. The CNR was also used for
the evaluation of elastograms of the heterogeneous phantom.

μr
μr
SNR = 10log ⎛⎜ 1 ⎞⎟ + 10log ⎛⎜ 2 ⎞⎟,
⎝ σr 1 ⎠
⎝ σr 2 ⎠

(20)

2(μr −μr 2 )2 ⎞
.
CNR = 10log ⎜⎛ 2 1
2 ⎟
⎝ σr 1 + σr 2 ⎠

(21)

Here, μr 1,μr 2 and σr 1,σr 2 are means and standard deviations of cumulated principal strains in selected ROIs 1 and 2.
4. Results
4.1. Optimal TO ﬁltering parameters
The test results on TO ﬁltering parameter selection using diﬀerent
pairs of λ x and σx are represented in Fig. 1(a). The smallest estimation
deviation for principal strains was obtained for λx = 0.5 mm and
σx = 0.4 mm . These values were used in the remaining of this study.
Fig. 1(b) presents the corresponding ﬁltering mask as described by (3).

Fig. 1. (a) The choice of TO ﬁltering parameters using diﬀerent pairs of λ x and σx . Here the test range of λ x is from 0.4 mm to 1 mm and that for σx is from 0.2 mm
to 1 mm , with 0.1 mm increment. From this simulation, λ x = 0.5 mm and σx = 0.4 mm provided the smallest estimation deviation (NRMSE) for principal strains
and these values were chosen as the TO ﬁltering parameters in our study. (b) The corresponding ﬁltering mask.
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Fig. 2. B-mode images and principal strains for a simulated vascular phantom with one soft inclusion and four hard inclusions. First row: the CPWC image and CPWC
&TO image. Second row: ground truth of the principal minor strains from ﬁnite-element model and the principal minor strain estimated with the APBE on CPWC&TO
data, the APBE using the time-ensemble approach on CPWC&TO data, the APBE using the incompressibility constraint and the time-ensemble approach on CPWC&
TO data, the LSME using the time-ensemble approach on CPWC&TO data, the LSME using the incompressibility constraint and the time-ensemble approach on CPWC
&TO data, and the LSME using the incompressibility constraint and the time-ensemble approach on CPWC data, whose NRMSE are 14.2%, 13.0%, 10.6%, 9.0%,
8.6%, 8.4%, respectively. Third row: ground truth of the principal major strains from ﬁnite-element model and the principal major strain estimated with the APBE
and LSME using the same strategies, whose NRMSE are 17.4%, 14.5%, 12.9%, 9.6%, 9.4%, and 9.5%, respectively.

LSME, the incompressibility constraint, CPWC&TO + LSMET&I
(Fig. 2(o)) and CPWC + LSMET&I (Fig. 2(p)), allowed better outlines of
the soft inclusion than the implementation without this constraint,
CPWC&TO + LSMET (Fig. 2(n)). LSME provided better results compared with the three APBE implementations, with NRMSE at 9.6%
(panel (n) with TO beamforming), 9.4% (panel (o) with TO beamforming), and 9.5% (panel (p) with no TO), respectively.

(CPWC + LSMET&I).
Regarding principal major strains of Fig. 3(j)–(o), visual observations are similar to those reported for principal minor strain elastograms. Overall, artifacts are observed on all strain maps and transverse
oscillation beamforming seemed to emphasize the variance of both
APBE and LSME estimators. With TO, the implementation of the incompressibility constraint (Fig. 3(l) and (n)) provided more consistent
estimation at 5 o’clock compared with cases without that constraint
(Fig. 3(k) and (m)). The best result was obtained with the LSME with
the time-ensemble and incompressibility constraint on CPWC data, as
conﬁrmed by SNR results. On panels (j)–(o), SNRs are 7.2 dB, 7.5 dB,
12.0 dB, 8.9 dB, 14.2 dB and 16.5 dB, respectively.
Fig. 4 presents the SNR analysis on principal strains for a wide range
of applied strains (from 0.07% to 4.5%). Those results are conﬁrming
observations of Fig. 3 on cumulated strain maps at a frame rate of
500 s−1. Except for the highest strain of 4.5%, CPWC beamforming with
LSME considering the time-ensemble and incompressibility constraint
provided the best SNRs. The worse performance was obtained with
APBE on CPWC images with TOs (CPWC&TO). The time-ensemble approach and incompressibility constraint improved SNRs of principal
strains for both APBE and LSME. Especially, as seen in Fig. 4(b), all
implementations of the incompressibility constraint provided higher
SNRs for principal major strains than implementations without that
constraint. Diﬀerences in performance tended to decrease as the applied
strain was increased.

4.3. In vitro experiments
4.3.1. The homogeneous vascular phantom study
Fig. 3(a)–(c) shows a picture, and cross-sectional CPWC and CPWC
with TOs B-mode images of the homogeneous phantom without any
inclusion. As done for the simulation study, the following description
compares principal strains of six APBE and LSME implementations.
APBE results in panels (d)–(f) conﬁrmed the simulation study. Indeed,
the time-ensemble approach and incompressibility constraint improved
principal minor strain estimates but several artifacts are noticed on
those elastograms. More consistent estimates were obtained with the
LSME. The strain decay phenomenon is clearly seen in panels (g)–(i).
Visually, a more homogeneous strain texture was obtained with the
LSME that considered the time-ensemble and incompressibility constraint, and CPWC beamforming (i.e., the implementation of [27], see
panel (i)). To evaluate quantitatively the performance of those implementations, two regions of interest were selected to calculate the
SNR (dashed green lines in Fig. 3(i)). One was selected as a 4-mm radius
circle surrounding the lumen, whereas the other was an arc from 3 to 8
o’clock 5 mm away from the lumen center. SNRs in Fig. 3(d)–(i) are
11.1 dB, 11.3 dB, 12.0 dB, 15.9 dB, 14.2 dB and 16.5 dB, respectively.
The best SNR was obtained with the implementation of the LSME with
the time-ensemble and incompressibility constraint on CPWC data

4.3.2. The heterogeneous phantom study
Fig. 5 shows visual assessment of the heterogeneous phantom with a
soft inclusion under the lumen, B-mode images using both beamforming
approaches, and cumulated principal strain maps. Regarding principal
minor strains, fewer artifacts are seen when the time-ensemble and then
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Fig. 3. B-mode images and principal strains of a homogeneous phantom in vitro experiment. First row: the cross-section image of the phantom, the CPWC image and
CPWC&TO image. Second row: the principal minor strains estimated with the APBE on CPWC&TO data, the APBE using the time-ensemble approach on CPWC&TO
data, the APBE using the incompressibility constraint and the time-ensemble approach on CPWC&TO data, the LSME using the time-ensemble approach on CPWC&
TO data, the LSME using the incompressibility constraint and the time-ensemble approach on CPWC&TO data, and the LSME using the incompressibility constraint
and the time-ensemble approach on CPWC data, whose SNRs are 11.1 dB, 11.3 dB, 12.0 dB, 15.9 dB, 14.2 dB, 16.5 dB respectively. Third row: the principal major
strains estimated with the APBE and LSME using the same strategies, whose SNRs are 7.2 dB, 7.5 dB, 12.0 dB, 8.9 dB, 14.2 dB, and 16.5 dB, respectively.

implementations. Some overestimation of the inclusion dimension is
nevertheless noticed with the LSME implementation on CPWC data
(CPWC + LSMET&I). For quantitative analyses, 5 small rectangles of
0.5 mm × 0.5 mm with the same distance away from the lumen center
were selected (see white ROIs and the manual segmentation of the

the incompressibility constraint were added to the APBE estimator.
When compared with LSME implementations (panels (g)–(i)), more
deformations are noticed within the soft inclusion for the diﬀerent
APBE estimates (panels (d)–(f)). In general, with the exception of a few
artifacts at 3 o’clock, the soft inclusion was well delineated with LSME

Fig. 4. SNRs calculated from principal strains estimated with CPWC&TO + APBE, CPWC&TO + APBET, CPWC&TO + APBET&I, CPWC&TO + LSMET, CPWC&
TO + LSMET&I, and CPWC + LSMET&I over a range of applied strains from 0.07% to 4.5%. (a) Principal minor strains. (b) Principal major strains. Five realizations
were considered.
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Fig. 5. B-mode images and principal strains of a heterogeous phantom in vitro experiment. First row: the cross-section image of the phantom, the CPWC image and
CPWC&TO image. Second row: the principal minor strains estimated with the APBE on CPWC&TO data, the APBE using the time-ensemble approach on CPWC&TO
data, the APBE using the incompressibility constraint and the time-ensemble approach on CPWC&TO data, the LSME using the time-ensemble approach on CPWC&
TO data, the LSME using the incompressibility constraint and the time-ensemble approach on CPWC&TO data, and the LSME using the incompressibility constraint
and the time-ensemble approach on CPWC data, whose SNRs are 7.6.dB, 9.5 dB, 18.3 dB, 12.5 dB, 19.4 dB, and 21.1 dB, respectively, and CNRs are −5.2 dB, 4.1 dB,
10.2 dB, −2.6 dB, 11.5 dB, and 16 dB, respectively. Third row: the principal major strains estimated with the APBE and LSME using the same strategies, whose SNR
are 9.7 dB, 11.5 dB, 18.3 dB, 12.6 dB, 19.4 dB, and 21.1 dB, respectively, and CNRs are −8.5 dB, 0.4 dB, 10.2 dB, 3.2 dB, 11.5 dB, and 16 dB, respectively.

CPWC images with TOs (CPWC&TO + APBET&I) had higher SNRs and
CNRs than the other two APBE implementations, which conﬁrms again
that the time-ensemble and incompressibility constraint improve the
performance of this estimator. Similar to Fig. 4(b), conﬁgurations
considering the incompressibility constraint (CPWC&TO + APBET&I,
CPWC&TO + LSMET&I and CPWC + LSMET&I) presented higher SNRs
for principal major strains. With a few exceptions, CNRs were also
higher for both principal minor and major strains when the incompressibility constraint was used (Fig. 6(c) and (d)). Except for the
minimum strain of 0.07%, at 500 images per second, and the maximum
strain of 3.6%, transverse oscillation beamforming improved the performance of the LSME in terms of SNRs and CNRs for this speciﬁc
phantom.

inclusion on panel (o)). Three ROIs were chosen within the soft inclusion that was manually segmented from B-mode images to calculate the
SNR. The two others were selected out of the soft inclusion to calculate
the CNR together with the above three ROIs. SNRs from left to right in
Fig. 5(d)–(i) were 7.6 dB, 9.5 dB, 18.3 dB, 12.5 dB, 19.4 dB and 21.1 dB,
respectively. CNRs were −5.2 dB, 4.1 dB, 10.2 dB, −2.6 dB, 11.5 dB
and 16 dB, respectively. According to SNR and CNR results, the best
implementation is with the LSME considering the time-ensemble and
incompressibility constraint on CPWC-beamformed data (i.e., the
benchmark reference of [27]).
Regarding principal major strains, similar to previous results, all
APBE implementations with CPWC&TO beamforming did not allow
identifying the soft inclusion precisely. A lot of artifacts are also noticed
with the LSME tested on CPWC&TO images when the incompressibility
constraint was ignored (panel m). With the incompressibility constraint, the LSME provided clearer depiction of the inclusion (panels n
and o). SNRs in Fig. 5(j)–(o) were 9.7 dB, 11.5 dB, 18.3 dB, 12.6 dB,
19.4 dB and 21.1 dB, respectively. CNRs were −8.5 dB, 0.4 dB, 10.2 dB,
3.2 dB, 11.5 dB and 16.0 dB, respectively. Again, the LSME with the
time-ensemble and incompressibility constraint with CPWC beamforming provided the best results among all implementations.
SNR and CNR analyses of elastograms over diﬀerent applied strains,
from 0.07% to 3.6%, are given in Fig. 6. Overall, results are consistent
with the visual observation of Fig. 5. LSME conﬁgurations considering
the time-ensemble and incompressibility constraint applied on CPWC
images with (CPWC&TO + LSMET&I) and without TOs (CPWC + LSMET
&I
) still provided the highest SNRs and CNRs. Principal strains from the
APBE with the time-ensemble and incompressibility constraint on

5. Discussion
The APBE proposed in [26] was applied on sectorial cardiac images
of standard focusing with TOs. Although an aﬃne model that could
directly provide access to the deformation matrix was introduced, radial, circumferential and longitudinal strains were computed from the
derivative of the displacement ﬁeld. In the current study, we adapted
the APBE for vascular applications by introducing a time-ensemble
approach and an incompressibility constraint to directly assess deformations (no derivatives). The new APBE was shown to provide better
strain estimations than the APBE implementation without time ensemble and incompressibility with simulations and in vitro experiments.
Moreover, we combined CPWC and TO beamforming to obtain CPWC&
TO images. The higher frame rate of CPWC&TO imaging compared with
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Fig. 6. SNRs and CNRs calculated from principal strains estimated with CPWC&TO + APBE, CPWC&TO + APBET, CPWC&TO + APBET&I, CPWC&TO + LSMET,
CPWC&TO + LSMET&I, and CPWC + LSMET&I over a range of applied strains from 0.07% to 3.6%. (a) and (b) SNRs for principal strains. (c) and (d) CNRs for
principal strains. Five realizations were considered.

with a Gaussian function having two peaks modulated by λ x and σx . The
lateral width of the resulting PSF with TOs is expanded due to this
Gaussian function convolution (see Fig. 7(b)). Moreover, TO ﬁltering
elevates the side lobe level despite narrowing the main lobe width.
Secondly, a CPWC image can be viewed as a wide band signal in the
lateral direction from a Fourier spectrum analysis (see Fig. 7(c)). When
the CPWC image is ﬁltered by the band pass TO ﬁlter, the CPWC&TO
image becomes a narrow band signal in the lateral direction (see
Fig. 7(d)). The CPWC&TO spectrum is also subdivided from 2 to 4 main
components, and as a consequence the spectral magnitude at given 2-D
frequencies is reduced, which may violate the phase constancy assumption of the APBE, leading to less accurate strain estimations.
Likewise, the increased beam width and reduced spectrum magnitude of ﬁltered TO images also violate the intensity constancy assumption of the LSME inducing less accurate estimations (see performances of CPWC&TO + LSMET or CPWC&TO + LSMET&I versus
CPWC + LSMET&I for the homogeneous phantom results of Fig. 4).
However, the increased lateral oscillations improve image gradients,
which was beneﬁcial for the LSME as comparable (Fig. 2) and even
better (Fig. 6) performances were obtained when comparing CPWC&
TO + LSMET&I with CPWC + LSMET&I when the tissue structure was
complex and heterogeneous.

standard focusing imaging used in [26] provided smaller displacements
between consecutive frames, which is an advantage since displacements
must be smaller than half a wavelength for unbiased estimations with
the APBE, as explained in Section 2.2.2.
In addition, we evaluated the performance of the developed APBE
against LSME. Two of the three LSME implementations (CPWC&
TO + LSMET&I and CPWC + LSMET&I) outperformed the new APBE
(CPWC&TO + APBET&I) with simulations and in vitro experiments.
CPWC + LSMET&I provided better strain estimations than CPWC&
TO + LSMET&I for homogeneous phantom experiments; but comparable
or worse performance for simulations of the heterogeneous vessel or for
the heterogeneous phantom depending on strain values.
5.1. Inﬂuence of TO ﬁltering on the quality of CPWC images
From simulations and in vitro results, as mentioned above, the APBE
did not perform better than the LSME. TO ﬁltering may be one of the
reasons for that. Firstly, although TO ﬁltering increases lateral textures
of an image to facilitate lateral strain estimation, the ﬁltering method
used to create TOs is at the expense of losing in lateral resolution.
Considering the point spread function (PSF) of a CPWC image (see
Fig. 7(a)), we used (3) as a mask to multiply this spectrum to produce a
PSF with TOs. This process is also viewed as a convolution of the PSF
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Fig. 7. The point spread functions (PSF) and corresponding Fourier spectra of CPWC and CPWC&TO beamforming: (a) The PSF of the CPWC image, (b) the PSF of the
CPWC&TO image, (c) the Fourier spectrum of (a), (d) the Fourier spectrum of (b).

range of displacements. To better clarify this issue, two simple 1-D
versions of APBE (phase-based) and LSME (optical ﬂow-based) methods
were used to estimate displacements between a pair of 1-D sinusoids
under ideal condition (i.e., no noise). The performance for diﬀerent
displacements is presented in Fig. 8. As seen, the optical ﬂow LSME
method can be viewed as a biased estimator [73], whereas the phasebased APBE method is able to provide unbiased estimations until the
true displacement becomes less than half a wavelength [29]. When the
true displacement is more than half a wavelength, the phase estimator

5.2. Inﬂuence of the aﬃne model on the APBE
The APBE implemented without an aﬃne model and known as the
PBE was shown to be able to track accurately 2D and 3D trajectories
with simulated and in vitro data [28,45,71]. The APBE proposed by
others improved the lateral displacement estimation but provided a
slightly less precise axial displacement measurement than the PBE [26].
One possible reason reported in the latter study [26] is that the aﬃne
model is more complex and is more prone to over-ﬁtting than the
simple PBE model in the presence of noise. Likewise, the same reason
may apply to strain estimations with the APBE in our study, which
included a minimization process to assess all displacement and deformation components simultaneously. Although the aﬃne model has a
low bias due to a precise description of the tissue motion, the increasing
model complexity may also bring a high variance in the presence of
noise, as discussed earlier when interpreting the performance of CPWC
&TO images.

5.3. Bias and variance of the two strain estimators
We hypothesize that the LSME providing better performance than
the APBE could be due to the estimation variance. In the supervised
learning ﬁeld [72], the mean-squared error of a model prediction can
be decomposed into the noise, the bias and the variance in the form:
MSE = noise + bias2 + variance. The noise term is the inherent noise
that cannot be reduced. The bias term is referred to how far the prediction is from the true value. The variance term is how much the
prediction varies over multiple realizations of the model. Regarding the
LSME versus APBE, the maximum detectable displacement in one direction with the APBE is half the wavelength of the oscillations in that
direction [71]. The estimation bias of the LSME is also related to the

Fig. 8. Performance of the phase-based and optical ﬂow-based estimators to
estimate the displacement between a pair of 1-D sinusoidal signals under ideal
condition (no noise added) for diﬀerent displacements along x and y axes.
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improve the lateral shear (and lateral strain) estimation. This is an
avenue that may deserve to be explored.
In this study, we used the 2-D plane strain assumption for both
LSME and APBE, and consequently the out-of-plane motion was not
considered. This out-of-plane motion likely occurs if one considers nonhomogenous human plaques and that motion may undermine the
speckle or phase coherence in this direction. Fortunately, the models we
presented here can be extended to 3-D. Combined with a 3-D data acquisition transducer, this would allow the LSME and APBE to estimate
the full 3-D strain tensor while alleviating this assumption. In this
study, the out-of-plane motion was also neglected for the incompressibility constraint. The isovolumic assumption used in Section
2.2.4 was indeed based on 3-D deformations. This is another aspect that
would need to be further investigated.

provides aliased results. As also seen in Fig. 8, when the motion between consecutive frames is small enough (typically less than 0.2 λ ) to
be tractable using CPWC imaging, the bias of the LSME is small. Introducing a small bias into an estimator can reduce the estimation
variance leading to an overall lower mean-squared error [74]. Therefore, we hypothesize that the reduced variance may account for the
better performance of the LSME versus APBE.
Besides abovementioned possible reasons for the poorer performance of the APBE with TO beamforming, we also investigated the
impact of heterodyning demodulation to see if this approach, instead of
the frequency domain ﬁltering strategy used to produce lateral oscillations, could improve strain results. Readers are referred to the
Appendix A for more details.
5.4. Clinical value of this work

6. Conclusion
The second most common death cause is stroke accounting for about
1 of 10 deaths in the world [75]. Stroke is mainly induced by atherosclerotic plaque rupture [76]. A prone-to-rupture plaque is usually
composed of a large lipid core covered by a thin ﬁbrous cap [77]. In this
study, a heterogeneous phantom with a soft inclusion was fabricated to
simulate a pathological vulnerable condition. Two of the tested conﬁgurations (CPWC&TO + LSMET&I and CPWC + LSMET&I) revealed the
existence of the soft inclusion, as identiﬁed by large deformations on
principal minor strain (Fig. 5(h) and (i)) and principal major strain
(Fig. 5(n) and (o)) maps. For the homogeneous phantom (Fig. 3(a)), the
anticipated strain decay was noticed on elastograms (Fig. 3 (h), (i), (n),
(o)). Thus, we can conﬁrm that the proposed incompressibility constraint and time-ensemble approach with CPWC and CPWC&TO conﬁgurations may help identifying features of vulnerable plaques (soft
inclusion) and the strain decay of normal vessel walls.

In this paper, two aﬃne model-based estimators were studied under
the framework of high frame rate imaging. A time-ensemble approach
and an incompressibility constraint were introduced to improve the
performance of the aﬃne phase-based estimator (APBE) for principal
strain measurements. We also evaluated the performance of the APBE
against the Lagrangian speckle model estimator (LSME), which also
considered the time-ensemble strategy, with or without the incompressibility constraint. For all tested conditions, using the incompressibility constraint outperformed other implementations. In the
simulation study, the LSME gave less principal strain estimation errors
than the developed APBE. For the in vitro study, LSME elastograms
provided higher SNRs for a homogeneous phantom, and higher SNRs
and CNRs than the developed APBE over a wide range of strain values.
In general, the LSME without TO ﬁltering provided better results.
Nonetheless, comparable or better principal strain estimates could be
obtained with the LSME and TO ﬁltering in the case of complex and
heterogeneous tissue structures (with the incompressibility assumption).

5.5. Limitations and perspectives
Lateral estimations (lateral strain and shear) of LSME and APBE
were not as good as axial estimates due to the lower lateral resolution in
ultrasound imaging. Because of the deleterious impact of this fact on
principal strains, we used the incompressibility constraint to avoid
using lateral strain estimates for some tested conditions. Nevertheless,
we considered the lateral shear estimation that likely deteriorated the
performance of both estimators. High resolution imaging approaches
(e.g., minimum variance beamforming [40,78]) may be helpful to
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Appendix A
A.1. Impact of heterodyning demodulation on strain performance of the APBE
The heterodyne demodulation has been shown recently to increase the lateral frequency and reduce the lateral beamwidth of the TO method
[79,80]. We thus applied this technique to see if it could also improve the performance of the APBE. We decomposed the APBE method to ﬁt two
heterodyning images whose oscillations are orthogonal. Speciﬁcally, only one quadrant of the spectrum of one analytic signal of the heterodyning
demodulation was used. The strain components were derived using the aﬃne model as we did in Section 2.2.2. The optimal parameters of TO images
obtained with the heterodyne demodulation were also obtained using successive frames of the simulated carotid image sequence, which are
λ x = 0.5 mm and σx = 0.3 mm . Strain results are shown in Fig. A1. For these examples only, displacement and strain components without the
incompressibility constraint are shown instead of principal strains to better appreciate the inﬂuence of the heterodyne demodulation on each motion
component. The time ensemble approach was used.
As seen in Fig. A1, no improvements are observed for the APBE when using the heterodyne demodulation. Two reasons may account for this.
Firstly, the APBE may not beneﬁt from the double oscillation frequency attributed to the heterodyne demodulation. This may be because the APBE is
diﬀerent from the phased-based zero crossing method in which a higher phase slope is helpful to locate the peak of the complex correlation function.
The APBE is directly applied to analytic signals, which do not require a higher oscillation frequency to enable a higher phase slope. Secondly, the
APBE was developed in the framework of RF data demodulated in each direction (as for TO images). The heterodyne demodulation decomposes a TO
image into a lateral oscillation image and an axial oscillation image, which correspond to two RF images. For each of them, only two analytical
phases are used instead of four, as it is done for TO ﬁltered images. The APBE has to derive axial and lateral estimations from axial and lateral
demodulated images, respectively. The absence of modulation in one direction has an inﬂuence on the accuracy in the other direction (roughly 20%
increase in errors compared with TO images) [28].
Although we found that the heterodyne demodulation did not improve the performance of APBE, it does not contradict conclusions of [80]. Since
the context is diﬀerent (TO ﬁltering versus TO heterodyne beamforming, linear array versus phased array, aﬃne model-based method versus
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Fig. A1. Ground truth of motion components from ﬁnite-element model (ﬁrst column) and motion components estimated with the APBE on CPWC&TO beamformed
data (second column) and CPWC&TO with heterodyne demodulation data (third column). Note that the incompressibility constraint was not used to better appreciate
the inﬂuence of the heterodyne demodulation on each motion component. The strain components were also not combined to obtain principal strains for this example.

correlation-based method, etc.), the comparison might be misleading because diﬀerent types of images and estimators were considered. Firstly, in
[80], the conclusion was based on the Cramer-Rao Lower Bound (CRLB) formulation to predict the minimum attainable standard deviation of the
jitter of displacement estimates of an unbiased motion estimator. Three parameters determine the jitter in the CRLB equation, the decorrelation,
frequency content and SNR of beamformed signals. Our aﬃne-based estimators (APBE and LSME) are not correlation-based methods so decorrelation
was not computed. Moreover, the LSME is a biased estimator which requires good image gradient correlation instead of image intensity correlation.
Secondly, in the current study, we derived strains using an aﬃne model and a minimization procedure. It is a nonlinear process that is more complex
than deriving displacements. The conclusions on displacement estimations may thus not be applicable. According to results reported in this section,
we judged inappropriate to also test the LSME estimator with heterodyne demodulated images.
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