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Rheological Assessment of a Polymeric
Spherical Structure Using a ThreeDimensional Shear Wave Scattering Model
in Dynamic Spectroscopy Elastography
Emmanuel Montagnon, Anis Hadj-Henni, Cédric Schmitt, and Guy Cloutier, Senior Member, IEEE
Abstract—With the purpose of assessing localized rheological behavior of pathological tissues using ultrasound dynamic
elastography, an analytical shear wave scattering model was
used in an inverse problem framework. The proposed method
was adopted to estimate the complex shear modulus of viscoelastic spheres from 200 to 450 Hz. The inverse problem was
formulated and solved in the frequency domain, allowing assessment of the complex viscoelastic shear modulus at discrete
frequencies. A representative rheological model of the spherical obstacle was determined by comparing storage and loss
modulus behaviors with Kelvin–Voigt, Maxwell, Zener, and
Jeffrey models. The proposed inversion method was validated
by using an external vibrating source and acoustic radiation
force. The estimation of viscoelastic properties of three-dimensional spheres made softer or harder than surrounding tissues
did not require a priori rheological assumptions. The proposed
method is intended to be applied in the context of breast cancer imaging.

I. Introduction

M

echanical properties have been shown to be a reliable indicator of pathological changes in biological
tissues [1]. From this finding, modalities using elasticity
as an imaging biomarker have been developed in the last
two decades and have shown promising clinical results in
various areas such as breast cancer or liver fibrosis [2]. In
the context of dynamic ultrasound (US) elastography, several inversion methods, such as direct inversion (DI) [3],
[4], or shear wave speed measurements from phase shift
assessment [5] or time-of-flight in two [6] or three dimensions [7], have been proposed to quantify elasticity. When
applied over a frequency range, those latter methods allow
estimation of the shear wave speed dispersion (i.e., the
frequency dependence of the shear wave speed), and indirectly the viscosity, through the use of a rheological model
[5], [8]. However, in cases of confined lesions highlighting a
mechanical contrast with the surrounding medium, physi-
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cal interactions such as shear wave reflections or scattering affect the robustness of the usual inversion methods,
justifying additional processing [9], [10]. In this context,
theoretical modeling of shear wave scattering has been
proposed to assess the complex shear modulus of confined
mechanical heterogeneities [11], [12], or compliance of biological tissues [13]. Such theoretical models have also been
successfully applied in the context of a new method called
shear wave induced resonance elastography (SWIRE) for
viscoelastic characterization of biological tissues [14]–[16].
In the context of breast cancer imaging, lesion shapes
and contour irregularities observed at sonography are
among the geometrical characteristics assessed in the
Breast Imaging Report and Data System classification
(BI-RADS) [17], [18]. Lesions with a BI-RADS score of
5 (highly suggesting malignancy) are known to generally
exhibit irregular lesion margins (e.g., infiltrated tumors)
[19]; however, low-grade categories, including benign lesions, can be approximated by generic geometries [14],
[20]. From a mechanical point of view, a strong correlation was found ex vivo between tumor elasticity and type
I collagen content [21], which is known to exhibit a frequency-dependent shear modulus in the range 0 to 100 Hz
[22]. Breast parenchyma has also been demonstrated to be
dispersive [23]. Thus, mechanical properties of breast tumors are expected to be frequency dependent, making the
measurement of shear storage and loss moduli of confined
simple three-dimensional structures over a wide range of
frequency clinically relevant [24]. The proposed method is
specifically intended to improve the diagnostic specificity
of ultrasound for breast cancer imaging.
In this paper, the assessment of the rheological behavior of a 3-D viscoelastic mechanical heterogeneity (inclusion) is demonstrated in the case of a polymeric sphere
mimicking a low-grade tumor using a plane shear wave
scattering model in an inverse problem approach. The
method is validated in vitro between 200 and 450 Hz by
using an external vibrator linked to a plate (plane waves)
and a radiation force source (cylindrical waves). The current paper is organized as follows: the theoretical shear
wave scattering model is described, followed by the reference spectroscopy method used for comparison and the
inverse problem formulation. To assess the impact of the
geometrical assumption and its potential limitations, a
robustness evaluation of the proposed inversion method
is provided. The third section compares estimated com-
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plex shear moduli with results of the reference method.
The rheological model of the spherical polymeric inclusion
is then assessed. Finally, the framework of the proposed
elastometry method is extended to radiation force experiments and in vitro results are provided. To the authors’
knowledge, the proposed method is the first to allow the
combination of radiation force excitation with a rheological study on confined 3-D structures.
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(∇ 2 + k 2)(Φ, Ψ, χ) = 0.

(7)

As explained in [26], incident (ui), scattered (usc), and
refracted (uq) waves can be expressed as
ui =

∑

(2n + 1)i n
[ M (o11)n(r) − iN (e11)n(r)]
n(n + 1)

(8)

(2n + 1)i n
[a M (3) (r) − ibnN (e31)n(r) + d nL(e31)n(r)]			
n(n + 1) n o1n
n
		(9)

II. Methods

u sc =

A. Theoretical Model
In this section, the theoretical model of plane shear
wave scattering by a viscoelastic spherical structure of
radius R, embedded in an infinite viscoelastic medium,
is presented. The scattering of longitudinal or transverse
waves has already been extensively studied in both acoustic and electromagnetic fields [25]. The main modeling
steps are presented here; for a detailed presentation, the
reader is referred to [26]–[28].
The general equation of motion can be written as
(1)

where λ is the first Lamé parameter and G is the complex
shear modulus (second Lamé parameter); G′ = Re (G) is
the storage modulus and G′′ = Im (G) is the loss modulus;
U is the displacement field; and ρ is the density. Omitting the time-dependent term exp (iωt), the stationary
displacement field can be written as the Helmholtz decomposition:
U = Ue i ωt = ∇ϕ + ∇ × ψ.
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and

n

 ∂ 2U 
(λ + 2G )∇(∇ ⋅ U) + G ∇ 2U = ρ  2  ,
 ∂t 
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(2)

From (1) and (2), two Helmholtz equations, describing
longitudinal and transverse displacements are obtained:
2
∇ 2ϕ j + k Lj
ϕj = 0

(3)

2
∇ 2ψ j + kTj
ψ j = 0.

(4)

In spherical coordinates, solutions of the vector Helmholtz equation, denoted by u, are expressed using both
longitudinal (L) and transverse terms (M, N) in (5). All
of those terms are functions of vector spherical harmonics
and spherical Bessel or Hankel functions [27].
u = L + M + N,

(5)

L = ∇Φ/k
M = ∇ × (e rr Ψ)
N = ∇ × ∇ × (e rr χ)/k ,

(6)

with

∑

(2n + 1)i n
[e M (1) (r) − if nN (e11)n(r) + g nL(e11)n(r)].			
n(n + 1) n o1n
n
		(10)
uq =

∑

The first subscript of vector functions L, M, and N (o
or e) refers to parity; i.e., whether the odd (o, imaginary)
or even (e, real) part of the spherical harmonic azimuthal
function is used. The second (l) and third (n) subscripts
indicate the azimuthal function index and the order of the
radial function, respectively. Because the incident wave is
purely transverse (9), it does not depend on the longitudinal term L. Furthermore, scattered waves [outgoing waves
indicated by superscript (3)] are expressed in terms of
spherical Hankel functions, whereas refracted [superscript
(1)] waves are expressed using spherical Bessel functions,
which are regular at the origin. In (9) and (10), scattering coefficients {an, bn, dn, en, fn, gn} are finally computed
by specifying elastic boundary conditions at the inclusion
boundary (r = R); the continuity of both displacements u
and stress σ components can be written as
u ζ i + u ζ sc = u ζ q
σ r ζ i + σ r ζ sc = σ r ζ q

(11)

ζ = {r, φ, ϕ}.
Once scattering coefficients are known, displacements related to both reflected and scattered waves can be computed at any point of the 3-D space.
B. Polymer Gel Made of Polyvinyl
Chloride (PVC) Plastisol
Two polymeric spheres were prepared using a plastic
basis solution (lot #2228 LP, M-F Manufacturing Co.,
Fort Worth, TX) and a plastic softener (lot #4228S, M-F
Manufacturing Co.) with respective volume basis/softener
ratios of 70%/30% and 85%/15%. The sphere containing
the greater softener concentration is hereafter referred to
as the soft inclusion; the other is denoted the hard inclusion. To ensure good US backscatter signals, cellulose
(Sigmacell cellulose type 50, Sigma Chemical, St. Louis,
MO) was added to the solution (0.3 g/20 mL of plastisol
solution). Once mixed, the solution was heated to 180°C

montagnon et al.: rheological assessment of a polymeric spherical structure

279

and poured into a 7.5-mm-radius spherical mold. Three
samples were simultaneously prepared from each mixture
for subsequent viscoelastic characterization. After cooling,
the spherical inclusion was placed into one liter of agargelatin (product numbers G-1890 and A-9799, respectively, Sigma Chemical) to produce experimental phantoms,
with respective agar-gelatin weight concentrations of 2%
to 3% in water for the hard sphere inclusion phantom, and
3% to 4% for the softer inclusion case. Different concentrations of agar-gelatin were used for both phantoms to
assure mechanical contrasts with plastisol inclusions.
C. Reference Spectroscopy Rheometry Method
Reference measurements of PVC plastisol viscoelastic properties were realized using a dynamic rheometer
(Rheospectris C-400, Rheolution Inc., Montreal, QC,
Canada), allowing rheological studies over a wide range
of frequency (from typically 10 to 5000 Hz, depending on
materials) [29]. Reference values of complex shear moduli
were defined as the mean of three rheometry measures.

Fig. 1. Experimental data acquisition and post processing. Transient
waveforms were converted to mechanical shear waves using a vibrator
linked to a plate. RF lines were acquired at an ultrafast frame rate
(4 kHz) and processed to estimate induced displacements. From the
Fourier transform of displacements, stationary displacement maps were
computed over a given frequency range around the excitation frequency.
Displacement profiles extracted at multiple frequencies allowed estimation of the frequency dependence of the spherical inclusions’ viscoelastic
properties.

D. Experimental Setup
Excitation signals consisted in transient waveforms,
generated by the echograph computer (Sonix RP scanner,
Ultrasonix Medical Corporation, Burnaby, BC, Canada),
and sent to a function generator (33250A, Agilent Technologies Inc., Palo Alto, CA), amplified (type 2706 lowfrequency amplifier, Brüel & Kjær, Nærum, Denmark)
before supplying a vibrator (type 4810, Brüel & Kjær)
mechanically linked to a 150 × 100 mm plate embedded
in a phantom, as illustrated in Fig. 1. An ultrasonic probe
(model L14–5/38, 38 mm width, 128 elements, 10 MHz
central frequency, Ultrasonix Medical Corporation) was
used to acquire RF lines sampled at 40 MHz with 16 bits
depth. The ultrasonic beam axis crossed the equatorial
plane of the spherical inclusion. To avoid wave reflections
at the phantom boundary, an acoustic absorber was embedded within the agar-gelatin gel opposite the US probe.
To obtain a frame rate suitable for tracking shear waves,
RF-data were collected by pairs of consecutive elements of
the probe. For a given data transfer bandwidth, receiving
from only two elements with an image depth of 8 cm leads
to an increased frame rate compared with standard receiving apertures (typically 32 or 64 elements). The whole
probe width was eventually covered by repeating the mechanical excitation 64 times while shifting synchronously
active elements [30]. The mechanical excitation was produced with 32 active elements with a 4-cm depth of focus
(f-number = 4), and ultrasound data collection was triggered by the scanner computer. This method allowed a
frame rate of 3850 Hz to be retrospectively achieved [12],
[15]. Such sampling frequency satisfies the Nyquist condition because the considered excitation frequencies did
not exceed 500 Hz. Displacements were then estimated by
applying a 1-D normalized cross-correlation algorithm on
RF data [31]. From temporal transient displacements, the

complex amplitude for each pixel was computed over a
typical range of 100 Hz centered on the excitation frequency using a temporal fast Fourier transform (FFT)
leading to complex stationary displacement maps [32].
Thus, transient excitation signals allowed investigating
larger bandwidths than harmonic signals in a single acquisition [12]. Two series of acquisitions were performed using
transient excitations at 245 and 340 Hz central frequency.
Excitation waveforms were 6-period-long cosine functions
weighted by a Blackman window. This allowed establishment of stationary maps from 200 to 450 Hz without significant loss in SNR.
E. Inverse Problem Formulation
Assuming that the sphere radius and location are
known, the theoretical model described earlier could be
used to formulate an iterative inverse problem in the frequency domain, based on a nonlinear least squares optimization. The cost function to minimize was formulated as
the distance between the real part of displacement fields,
where U T is the theoretical stationary displacement and
U E is the experimental one (see the horizontal black line
on the stationary displacement map of Fig. 1, for the case
of an inversion considering a single line crossing the center
of the inclusion; see details below):
(G incl,G surr ) = arg min

{

Re  UT  − Re  U E 

2

}

(12)

where Gincl and Gsurr are the complex shear moduli of the
inclusion and surrounding medium, respectively. Because
stationary displacements are complex, the phase must be
adjusted between the theoretical and experimental data
before distance calculations. A null phase at the first point
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of profiles was arbitrarily chosen in the inversion process.
The influence of the phase on the inversion accuracy is
addressed in the robustness study presented later. Shear
storage and loss moduli of the surrounding medium and
inclusion were simultaneously estimated in the inversion
process for the sake of generality, but also to avoid any potential bias induced by a priori fixed surrounding medium
viscoelastic parameters. For all inversion occurrences, initial storage moduli were fixed to 10 kPa and loss moduli
were set to 0.1ω (which corresponds to a viscosity η =
0.1 Pa·s−1 in the case of a Kelvin–Voigt model). It is important to note that in this formulation, initial parameters
describe a mechanically homogenous medium. Furthermore, no a priori assumption is made about the rheological model, as in [32], because the optimized parameters
are G′ and G′′ instead of the elasticity μ and viscosity η.
F. Robustness Study of the Proposed Inversion Method
As previously stated, the estimation of mechanical
properties using the proposed inverse problem requires a
priori known geometrical parameters such as the sphere
radius and location, to define the spherical system of coordinates at the origin. In this section, the robustness of
the formulated inverse problem is addressed and determined by computing errors on inclusion shear modulus
estimation resulting from biased input parameters. First,
geometrical biases ranging from −20% to 20% of inclusion
properties were successively applied to the sphere radius
and position along the three dimensions. Second, as specified in Section II-E, because the stationary displacement
profile phase has been arbitrarily chosen at the origin,
the impact of such assumption was addressed by considering initial phases ranging from –π/2 to π/2, π/8 angle
stepwise. Additionally, to simulate experimental conditions, the influence of the SNR of displacement maps on
the inversion process was also investigated by applying
zero-mean random noises to reference data from null noise
conditions to 8 dB SNR. For each SNR, the inversion was
performed ten times to assess mean errors and related
standard deviations. Finally, the relevance of the 3-D
spherical formulation was evaluated by comparing estimated viscoelastic parameters obtained by using, instead,
a model considering 2-D cylindrical geometries [15] in the
optimization process. For robustness tests, errors related
to an estimated parameter X were computed as
Err(%) =

X estimated − X reference
.
X reference

(13)

For all of the aforementioned conditions, the optimization was performed by considering two distinct input data.
The first one, displayed in Fig. 1, considered only one
3.8-cm-width displacement profile, crossing the inclusion
center and aligned with the z-axis (shear wave propagation direction), whereas the second was based on eleven
3.8-cm profiles parallel to the z-axis and regularly spaced,
from −50% to 50% of the inclusion radius. The goal of
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such strategy was to assess whether the estimation accuracy is related to the complex diffraction pattern of the
stationary displacement map. In this robustness study, the
mechanical inclusion (referred as incl) was a theoretical
5-mm-radius sphere exhibiting a complex shear modulus
′ + iG incl
′′ of 20 + 3i kPa, embedded in a surGincl = G incl
′
′′ = 5 + 0.25i kPa.
rounding medium Gsurr = G surr
+ iG surr
The excitation frequency in those simulations was chosen
at 300 Hz. Such spatio-mechanical configurations are consistent with in vivo measurements [23].
G. Rheological Model Assessment
As a complementary assessment of tested materials,
the frequency-dependent complex shear modulus of PVC
plastisol was matched to different rheological models. Four
models were considered [32], [33]: Kelvin–Voigt
G KV = µ + i ωη,

(14)

i ωηµ
,
µ + i ωη

(15)

µ1µ 2 + i ωη(µ1 + µ 2)
,
µ 2 + i ωη

(16)

ωη 2 − i µ
.
µ + i ω(η 1 + η 2)

(17)

Maxwell
GM =
Zener
GZ =
and Jeffrey
G J = −ωη 1

For both reference (Rheospectris C-400) and experimental
US results, (μi, ηi) with i = 1, 2 being the number of elasticity ( μ) and viscosity (η) parameters of each model were
estimated by fitting each equation to the complex shear
modulus amplitude over the studied frequency range.
H. Acoustic Radiation Force Setup
Experiments using acoustic radiation force as a remote
shear wave source were realized using a Verasonics-V1
scanner (Verasonics Inc., Redmond, WA) equipped with
an L7-4 probe (Philips Healthcare, Andover, MA). To
encounter plane wave conditions in the imaging plane,
excitation sequences derived from [34] were used (Fig.
2). Three acoustic bursts (190 µs, 30 V peak-to-peak at
5 MHz) vertically aligned and regularly spaced by a distance D2 = 4.6 mm were generated at D3 = 12 mm laterally to the inclusion center. The second acoustic push of
the sequence was horizontally aligned with the inclusion
center, which was at D1 = 3.5 cm deep. Adjusting the
time delay between consecutive bursts allowed generation
of a supersonic cone characterized by a Mach number close
to 4 in the surrounding medium [34]. Imaging sequences

montagnon et al.: rheological assessment of a polymeric spherical structure

281

where r is the distance to the radiation source location.
Considered displacement profiles are horizontal whereas
the push axis is vertical; thus in (20), r linearly increases
along the z-axis. To determine whether the radial dependence of incident shear wave amplitudes is of interest,
both cost function formulations [(12) and (20)] were applied to radiation force experimental data.
III. Results
Fig. 2. (a) Acoustic radiation force experimental setup. Three push locations (blue ellipses) separated by D2 = 4.6 mm at D1 = 3.5 cm depth
from the probe were generated at a distance D3 = 12 mm from the
inclusion’s center. (b) Chronology of both acoustic bursts and imaging
sequences.

were 100 frames acquired at a frame rate of 4 kHz. Before
excitation, reference frames were acquired for subsequent
cross-correlation processing. Supersonic shear imaging
(SSI) experiments were conducted with the hard plastisol
sphere inclusion previously described in Section II-B.
Because of the cylindrical symmetry exhibited by the
radiation source geometry (which can be assumed as a
line source), displacement amplitudes decreased proportionally to the inverse of the distance to the source in the
far field region [35], [36]. Therefore, the observed displacement attenuation was a combination of both geometric
scattering and viscous effects related to the propagating
medium loss modulus. It has been demonstrated that in
the case of a line source, induced displacements can be
approximated by [5], [8]
u(r ) ≈

i
4

2
exp(ikr + π/4).
πkr

(18)

In (18), without loss of generality, terms in exp (iωt) have
been omitted because we consider the general case of a
harmonic excitation for this theoretical development. Because k = ω/c = 2πf/c, with f the frequency, (18) can be
rewritten as
u(r ) ≈

i 1/2 1
c
exp(ikr + π/4).
fr
4π

(19)

Eq. (19) describes a plane shear wave for which amplitude
depends on the distance from the source. At a given frequency, the shear wave speed c is constant; therefore, because displacement profiles are normalized in amplitude in
the proposed inverse problem formulation, u(r) does not
depend on the shear wave speed. To take geometric scattering into account in the inversion process, a weighting
term defined as 1/(fr ) has been applied to the theoretical
modeled data, leading to the following cost function:

(G incl,G surr) = arg min 


1
Re[U T ] − Re[U E ]
fr

2


 , (20)


A. Inverse Problem
Examples of displacement profiles obtained after optimization convergence in the case of hard and soft inclusions are presented in Fig. 3. Inserting estimated solution
parameters into the theoretical model (i.e., solving the
forward problem) allowed computation of the 2-D displacement maps presented in Fig. 4 (right column). Estimated viscoelastic parameters for both inclusions are
compared with results obtained with the reference rheometer between 200 Hz and 450 Hz in Fig. 5. Using (13) at
each frequency, mean absolute errors ± one standard deviations related to estimated G′ and G′′ over that bandwidth are, respectively, 5.0 ± 4.8% and 31.6 ± 18.9% for
the hard inclusion, and 6.1 ± 2.4% and 19.3 ± 11.6% for
the soft case. The inversion process led to surrounding
medium elasticity and viscosity of 7.56 ± 0.18 kPa and
0.34 ± 0.13 Pa·s for the hard inclusion case, and 21.2 ±
0.80 kPa and 0.93 ± 0.32 Pa·s for the soft case. Those
′ ,G surr
′′ ) estimated with
values were computed from (G surr
(12) along the same frequency range and assuming that
agar-gelatin mixtures were governed by a Voigt model [37].
B. Robustness Study
1) Effects of Variance in A Priori Input Geometrical
Parameters and of the Number of Displacement Profiles
Included in the Inverse Problem: Complex shear modulus
estimation errors for the hard inclusion (i.e., the one presenting the largest variability in Fig. 5) related to biased
x, y, z spatial location and radius in the formulation of the
inverse problem are presented in Fig. 6. The storage modulus appears robust to biased spatial locations along the
three axes, exhibiting errors lower than 10% for all configurations. However, for biased inclusion dimensions, a 26%
overestimation of the storage modulus is observed when a
20% underestimation of the inclusion radius was imposed.
Errors on loss modulus estimation do not exceed 25% for
biased locations along both x and y axes, whereas accuracy is significantly affected by biases applied to the z-axis
location or to the inclusion radius. The inversion based on
multiple displacement profiles (i.e., eleven instead of one)
does not provide improvement in terms of storage modulus quantification. Although slightly better for extreme
biases, no noticeable benefit of one formulation compared
with the other is also noticed for loss moduli.
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Fig. 4. Displacement maps obtained from experiments (left column) and
theoretical ones computed using estimated viscoelastic parameters (right
column) for the hard (top row) and soft (bottom row) inclusions. Normalized rms errors between experiments and theory over the whole field
of views are, respectively, 9.36% and 7.22%.

es. Regarding the storage modulus, single and multiple
displacement profiles for the inversion perform similarly.
However, as the SNR decreases, the loss modulus estimation appears to be less variable when using multiple profiles (standard deviations typically below 10% compared
with the case of a single profile for which the standard
deviation reaches 38%).

Fig. 3. Experimental displacement profiles (solid blue lines) and theoretical profiles (dashed red lines) obtained by inserting viscoelastic parameters estimated using (12) in the theoretical model (forward problem)
for the (a) hard inclusion at 340 Hz and (b) soft inclusion at 245 Hz.
Shear waves were mechanically induced by a plate embedded in the
phantom.

2) Effect of the Initial Phase of the Displacement Profile:
Errors on viscoelastic parameter estimations obtained for
various initial phases in the range [−π/2; π/2] were below
1% for both storage and loss moduli when considering
either single or multiple displacement profile formulation.
The accuracy of the proposed inversion method thus appears to have little dependence on that parameter.
3) Effect of the Displacement Profile SNR: The accuracy of viscoelastic parameter estimations for various
SNR conditions is depicted in Fig. 7. For both inversions,
considering one or eleven displacement lines, the storage
modulus is little affected by the SNR, whereas errors on
loss modulus estimations increase as the SNR decreas-

Fig. 5. Storage (top red lines) and loss (bottom blue lines) moduli of
the (a) hard and (b) soft spherical inclusions estimated from 200 Hz to
450 Hz. Gray areas indicate standard deviations around mean values
(solid black lines) of storage and loss moduli measured using the reference method.
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mechanical excitation and attenuation with frequency
of shear waves in plastisol did not allow investigation of
higher frequencies. Mechanical parameters estimated using either (12) or (20) are presented in Fig. 9. Compared
with results of the reference rheometry method over the
investigated frequency range, mean errors on storage and
loss modulus estimations were, respectively, 4.3 ± 3.0%
and 24.1 ± 14.2% using (20), and 70.5 ± 18.1% and 274 ±
29% using (12). The cost function of (20) clearly allowed
the best results to be obtained.
IV. Discussion

Fig. 6. Errors on viscoelastic estimates obtained for biased input geometric parameters. Black lines indicate the single profile formulation of
the inverse problem (circle and plus markers refer to storage and loss
modulus errors, respectively), whereas red lines correspond to the multiple profiles formulation (square and × markers refer to storage and loss
modulus errors, respectively).

4) Effect of a Two-Dimensional Formulation of the Inverse Problem Instead of a 3-D Sphere, as Proposed in this
Manuscript: Fig. 8 presents errors on inclusion complex
shear moduli obtained by using a scattering model considering 2-D cylindrical geometries in the minimization
process. In the case of a centered position of the considered slice (xz-plane), the storage modulus estimation error
is below 10% for both single and multiple displacement
profile formulations. However, shifting the slice position
along the y-axis induces much larger errors, of up to 200%
for the multiple profile case. Similarly, the loss modulus
estimation exhibits errors ranging from 65% to 100% for
all slice positions along the y-axis. Unlike trends observed
in Fig. 6 (3-D spherical model), the 2-D inversion using
multiple displacement profiles is clearly less accurate than
the case of a single profile.

Using an inverse problem approach, the theoretical
model presented in Section II allowed estimation of experimentally complex shear moduli of spherical mechanical inclusions. Estimated viscoelastic parameters were in
good agreement with the reference rheometry method over
the studied frequency range for plane wave experiments
done with both the vibrating plate and the radiation force
source. The frequency dependence of complex shear moduli observed in our experiments on PVC plastisol spheres
are in agreement with trends highlighted for such material
in [29]. However, in the present study, estimations of loss
moduli of both hard and soft inclusions exhibited lower
accuracy than storage moduli, especially for the hard inclusion case. At a fixed excitation frequency, the main
effect of the loss modulus on shear wave propagation was
to attenuate displacement amplitudes. Because the shear
wavelength is defined as the ratio of the shear wave speed
with frequency, low-frequency shear waves propagating in
the stiff inclusion led to large wavelengths, complicating

C. Rheological Model Assessment
The Zener rheological model provided the best fit of
the frequency-dependent viscoelastic parameters obtained
from plate experiments and the reference rheometry method in the range of 200 to 450 Hz. Related errors on model
parameter estimations for both hard and soft plastisol inclusions are indexed in Table I.
D. Acoustic Radiation Force Experiment
From measured radiation-force-induced temporal displacements, the 3-D spherical inverse problem has been
applied in the frequency range 200 to 300 Hz, 5 Hz stepwise. The combination of the limited bandwidth of the

Fig. 7. Effect of displacement profile SNR on viscoelastic parameter estimation accuracy. Red and black lines refer to single and multiple profiles
inverse problem formulation, respectively, whereas solid and dashed lines
indicate storage and loss modulus estimation errors, respectively. Error
bars depict standard deviations obtained after 10 iterations of the inverse problem at each SNR value.
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TABLE I. Zener Parameters Estimated Using the Inverse
Problem on Shear Wave Data and From Data of the
Reference Rheometry Method for Spherical Inclusions
Harder or Softer Than the Surrounding Medium.

Hard
µ1 (kPa)
µ2 (kPa)
η (Pa·s−1)
Soft
µ1 (kPa)
µ2 (kPa)
η (Pa·s−1)

Fig. 8. Errors on spherical inclusion viscoelastic parameter estimation
obtained by applying a two-dimensional (cylindrical) theoretical model
to displacement profiles for the spherical three-dimensional configuration
considering various positions along the y-axis. Black lines correspond to
the single profile formulation (circle and plus markers refer to storage
and loss modulus errors, respectively), whereas red lines indicate multiple profiles formulation (square and × markers refer to storage and loss
modulus errors, respectively).

the detection of attenuation effect (and of the loss modulus). This point has already been discussed in a previous
work [30].
From robustness study results, it was demonstrated
that the proposed inversion method is robust to biased
inclusion locations along x- and y-axes. In the perspective
of future in vivo experiments, such robustness to y-axis
incorrect positioning is an advantage because this axis
corresponds to out-of-plane images. To the contrary, both
inclusion size and location along the US propagating axis,
and SNR, were major sources of inaccuracy regarding the
loss modulus estimation (Figs. 6 and 7). However, because
those geometrical parameters can be approximated from
B-mode images or elasticity imaging methods [23], those
latter are assumed to be measured with reasonable accuracy by taking advantage of existing ultrasound segmentation algorithms [38]. Potential biases arising from
sonographic geometry measurements may lead to substantial quantification errors (Fig. 6). This issue could be addressed by performing multiple iterations of the inversion
process considering various inclusion radii in the vicinity
of the initial measurement. The best solution would then
be assessed in terms of distance between theoretical and
experimental displacement profiles. Considering Fig. 8,
applying an inverse problem formulated using a 2-D shear
wave scattering model to 3-D configurations appeared
highly inaccurate and sensitive to the inclusion location.
Minimum errors were observed at a null slice position
along the y-axis. This could be explained because at this
position, boundary effects are minimized compared with
other positions along the y-axis. Large errors obtained using the 2-D cylindrical model demonstrate the relevance

Estimated

Rheometer

Error
(%)

13.53
10.16
3.50

14.50
11.21
2.19

6.7
9.4
59.8

3.90
6.34
0.97

3.38
5.17
0.99

15.4
22.6
2.0

of the proposed method to estimate viscoelastic properties
of spherical inclusions.
To combine the proposed inversion method with an
acoustic radiation force excitation, a new cost function
to be minimized was formulated to take into account geometrical characteristics of the source. This allowed critical
improvements in estimation accuracy (Fig. 9) compared
with the standard formulation (12). Indeed, neglecting
geometric scattering led to large overestimations of the
loss modulus, whereas the storage modulus was underestimated and highly variable. Therefore, the radial dependence of radiation-force-induced displacements cannot be
neglected and a straightforward application of the plane
wave model (12) in this case is not recommended. Proposed modifications of the plane wave formulation could
include either expressing cylindrical outgoing waves with
radially dependent amplitudes in spherical coordinates

Fig. 9. Experimental storage and loss modulus variations with frequency obtained with the radiation force experiment on the hard inclusion
configuration. Black circle markers indicate reference rheometry results,
whereas green square and red plus markers represent, respectively, estimations with and without the weighting term in the cost function formulation of (20). For each method, storage and loss moduli are represented
by thick full and thin dashed lines, respectively. Gray areas indicate standard deviations around mean values of storage and loss moduli measured
using the reference method.
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and solving the related linear system of equations (11) or
applying the inverse problem to finite element (FE) simulations [20]. Simulations were performed using an eightcore processor (Intel i7–3820; Intel Corp., Santa Clara,
CA), clocked at 3.6 GHz, using Matlab software (version
6.5, The MathWorks Inc., Natick, MA). This hardware
configuration allowed computation of 128-point displacement profiles (forward problem) similar to those presented
in Fig. 3 in 0.310 ± 0.003 s (results from 100 consecutive
iterations). Using the FE method, larger computational
times are expected, even by taking into account geometrical symmetries of the considered configuration, because
the equation of motion (1) must be solved over the whole
3-D volume of interest.
Model-based fitting of complex shear modulus frequency behaviors [G′(ω),G′′(ω)] obtained with both the reference rheometer and experimental measurements (Fig.
5) exhibited minimum errors using the Zener rheological model. For both hard and soft inclusions, the highest
bias observed on elasticity parameters of that model was
1.2 kPa (µ2, soft inclusion). The viscosity parameter η
obtained with the Zener model fitting on shear wave experiments exhibited an error close to 60% in the hard
case, whereas it was much better at 2% for the soft inclusion. As observed in Fig. 5, this can be explained by the
largest coefficients of variation on G′′ in Fig. 5(a), giving
higher uncertainties in fitting the frequency-dependent
Zener model. Furthermore, whereas fitting experimental
data using Maxwell and Jeffrey models led to errors for
both elastic and viscous parameters above 50% compared
with the reference method, errors on elasticity and viscosity using the Kelvin–Voigt model were respectively 18.3%
and 31.0% in the soft case and 8.8% and 59.8% in the
hard inclusion situation. For the hard inclusion case, the
Kelvin–Voigt model may appear suitable over the investigated frequency range and is simpler than the Zener formulation, because it only requires two parameters. Indeed,
the hard inclusion storage modulus exhibited a variation
close to 10% from 200 to 450 Hz [Fig. 5(a)], which makes
the assumption of a constant value, as in the Kelvin–Voigt
model (14), not too restrictive.
Kelvin–Voigt and Maxwell rheological models can be
seen as particular cases of Jeffrey and Zener formulations
[32], with both requiring fitting of three parameters. Thus,
achieving a better fitting using a more complex model
seems obvious, but at a cost of a more complex physical
interpretation. Considering the Kelvin–Voigt model expression (14), one can see that the storage modulus (real
part of GKV) does not depend on frequency, which is not
true in the case of the polymeric material used in our experiments (Fig. 5). Thus, assuming the inclusion mechanical properties as governed by a Kelvin–Voigt model would
lead to biased elasticity measurements in this case, as previously discussed. Those remarks highlight the importance
and potential consequences of the rheological model assumption on the viscoelastic parameter estimation.
The rheological model fitting reliability is tightly influenced by both the robustness of dynamic elastography
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measures and by the investigated frequency range (bandwidth). It has been demonstrated experimentally that
large frequency ranges can be achieved by radiation force,
using amplitude-modulated excitation sequences [39]. Another method takes advantage of acoustic excitation along
closed paths to enhance displacements and reduce highfrequency attenuation impact [40]. However, agreement
of such strategies with dose limitations required by the
US Food and Drug Administration remains to be demonstrated.
As shown in [41], viscoelastic characterization of soft
homogeneous media can be achieved through shear wave
speed measurements over a large frequency range and
the use of an a priori known rheological model (the Kelvin–Voigt model is the most commonly used). Shear wave
speed can be computed using the following relation:
c=ω

∆r
,
∆ϕ

(21)

where ω is the angular frequency. Δr and Δφ are the
distance and the measured phase difference between two
measurement points, respectively. Recently, this method
has been successfully applied in vivo to study the dispersion phenomenon in the liver [8], as an extension of the
SSI method. However, it has been noted that phase gradient methods might be challenged in the case of nonhomogeneous media, e.g., a medium containing a mechanical
inclusion, because of the combination of shear wave interactions with the confined structure and increased errors
on speed measurements over small propagation distances
[5], [41].
As an example corresponding to this latter condition,
inserting viscoelastic shear moduli obtained by the reference method for the hard inclusion case in the 3-D theoretical spherical model, and computing the shear wave speed
using (21) over the frequency range of 200 to 450 Hz as in
reported experiments, led to errors of 39.9%, 17.0%, and
30.6% on µ1, µ2, and η estimations, respectively. Varying
Δr of (21) in our simulations did not provide significant
improvements in accuracy. Such results justify modeling
of shear wave scattering for viscoelastic characterization
of confined mechanical heterogeneities, as studied in this
work. We recognize, however, that unlike the phase-gradient or time-of-flight method, the theoretical model and
inverse problem formulation require a priori knowledge of
the sphere radius and location.
Once detected and measured, the proposed inverse
problem can retrieve not only the elasticity, but elasticity
and viscosity components of the lesion. An important contribution of this work for the in vivo applicability of the
proposed method was also to prove the feasibility of the
inverse problem formulation when acoustic radiation force
was considered. As observed by comparing Fig. 9 with
Fig. 5(a), similar quantitative results were obtained by
using either the vibrating plate (plane wave condition) or
a radiation force with a supersonic cone characterized by
a Mach number close to 4. By considering geometric scat-
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tering [35], [36], radiation pressure experiments coupled to
other theoretical scattering models (e.g., cylindrical [12]
or elliptical [30] inclusions) are expected to be straightforward because the transition is simply based on applying a
dedicated weighting function independently of the geometry considered, as proposed in (21). Note that shear waves
propagating in soft tissues might not be exactly plane or
cylindrical. In the case of the radiation force experiment,
the small propagation distance resulting from geometric
scattering (18) allowed us to assume a locally homogenous medium in the vicinity of the inclusion. Furthermore,
slightly distorted wavefronts could be analytically modeled as a summation of shear waves (8) at various phases.
V. Conclusion
In this paper, a new method dedicated to the viscoelastic characterization of spherical inclusions in dynamic
elastography has been presented and validated in vitro
using an inverse problem based on a three-dimensional
shear wave scattering model. The proposed method has
also been extended to the particular case of radiation force
experiments, leading to a new formulation of the inverse
problem. The proposed method might provide additional
information on confined physiological lesions by assessing
both storage and loss modulus variations with frequency.
Future works may focus on establishing dedicated excitation sequences to achieve a larger bandwidth for optimum
rheological model fitting to retrieve the elasticity and viscosity of scanned lesions.
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